Study of the Coleman - de Luccia instanton of the second order 
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We study the second order Coleman - de Luccia instanton which appears as the curvature of the 
effective potential reaches a sufficiently large value. We show how one can find the approximative 
formula for this instanton by perturbative expansion in the case when the second derivative of the 
effective potential divided by the Hubble parameter squared is close to —10, and we perform a 
numerical study of this instanton in the case of quasi-exponential potential. 

PACS numbers: 98.80.Cq 
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I. INTRODUCTION 

The theory of false vacuum decay in de Sitter universe 
via formation of rapidly expanding bubbles was intro- 
duced by Coleman and de Luccia 1] and it has been 
studied intensively as an ingredient of old inflation 2] 
and of open inflation [sl I3| . This mode of vacuum decay 
is described by the Coleman - de Luccia (CdL) instanton - 
the nontrivial flnite- action 0(4) solution to the Euclidean 
equations for coupled scalar and gravitational fields, with 
an effective potential containing a true vacuum (at which 
it has the global minimum equal to zero) and a false vac- 
uum (at which it has a local minimum) separated from 
the true vacuum by a finite potential barrier. It is given 
by two functions $(t) and a(r), where $ is the scalar 
field, a is the radius of the 3-spheres of homogeneity de- 
termined from the circumference and r is the radius of 
the 3-spheres of homogeneity measured from the centre. 
Denote the effective potential by V. Functions $ and a 
obey the equations 
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where the overdot denotes differentiation with respect 
to T and the prime differentiation with respect to $. 
The boundary conditions ensuring finitencss of the (Eu- 
clidean) action 
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are 
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a(0) = 4(0) = $(t/) = and a(0) = 1, (2) 

where t/ > is defined by the equation a(rj) = 0. 

Beirig motivated by the arguments from the papers 
0, 0, 0, the authors of the paper Q have proved 



both a necessary and a sufficient condition for the 
existence of the CdL instanton. Before we formulate 
them let us introduce useful notations which will be 
used throughout the paper: by Vm = V{^m) we denote 
the local maximum of V (the top of the barrier); and 
by i?($) we mean the value of the Hubble parameter 
corresponding to the energy density equal to V{^), 
H{<^>) = ^87rF($)/3. The conditions read: 



// the inequality 
instanton exists. 



^m/Hm > 4 holds then the CdL 



If the CdL instanton exists then the inequality 
— l/"(<i>)/_ff^($) > 4 holds somewhere in the barrier. 

For a given theory (potential) the conditions leave 
a gray zone in the parameter space of the potential in 
which they cannot decide whether the CdL instanton 
exists or not. It has been shown in |3| that in addition 
to the first order instanton, also instantons of higher 
order exist if the curvature of the potential in its local 
maximum is sufficiently large. Namely, any finite-action 
solution of Eqs. can be characterized by how many 
times the scalar field crosses ^aj. If the scalar field 
crosses $m I times, we shall call the solution the Ith 
order CdL instanton. From the analysis of the instantons 
localized close to the top of the barrier it follows that 



Ith order instanton. 



3) then the potential admits the 



For odd I there is, for given V, at most one instanton 
of Ith order; for even / we have two Ith order instantons. 
One of them starts and ends at $f less than and the 
other one starts and ends at $f greater than $m- 



II. ANALYTIC APPROACH TO THE SECOND 
ORDER CDL INSTANTON LOCALIZED CLOSE 
TO THE TOP OF THE POTENTIAL BARRIER 
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The aim of this paragraph is to solve perturbatively 
Eqs. (Pi in the case when -V^JHIj « 10. Our task 
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is to sketch how to get such a solution. The detailed 
explanation of this method (together with its application 
to the first order CdL instanton) will appear in 
It is useful to introduce the notations 

y{x) = $(a;) - $Af = ^"""(2^) 

where we are using the dimcnsionless Euclidean time x = 
Hmt that runs from to tt, C = Stt/S, and k is our 
parameter of perturbative expansion - i.e. the amplitude 
of <& — $A/. We will continue our calculations up to the 
order in which we will be able to decide what quantity 
seems to be interesting or helpful if one would like to 
construct (numerically) the second order instanton in a 
given theory. The functions u„ and Vn obey differential 
equations 

u'^{x) + 3cot(x)u^(x) + lQun{x) = Un{x), 
v'^{x) + Vn{x) = V„{x) s\n{x), (3) 

where the functions Un and Vn can be computed order 
by order from the system of equations 

ia'{x) V'{y) 

V [x) + / X y [x) - 



a{x) 



a'\x)^-c[y'\x) + ^^ a{x). 

Since Ui is identically equal to zero, ui is the nonsingular 
(at the end points) solution of the equation 

u'l{x) + 3cot(a;)'u'i(x) + 10ui(a;) = 



I.e. 



ui{x) — - (5cos^(x) — 1) 



(4) 



To get V2 one has to find out that V2 — —{u'l)^ + ^uf and 
therefore V2 obeys 

W2 (a;) + V2{x) = 

5 / ^ • / N 15 . ,^ , 45 . _ ,^ 
— I -7sm(a;) + y sm(3a;) + y sm(5a;) 

with the initial conditions U2(0) — ^2(0) — 0. We 
straightforwardly obtain that 

5 / 15 
V2{x) = f 7xcos(x) - y(sin(3.T) +sin(5a:)) 



+8 sin(a;) 



(5) 



We can proceed to U2; in order to do this we need to 
know the function U2, 

U2{x) = -Aiui(2;) + ]^-qu\{x), 



where 77 = V^j /Hl^. The equation for U2 reads 

U2{x) + 3 cot(a;)M2(2^) + 10u2(a;) — cos^{x) — 1) 

+ ^(5cos2(:,)-l)2. 

The last equation can be transformed to an equation of 
hypergeometric type by changing the independent vari- 
able z — cos(a;). In this way one gets 

(1 - z^)u'^{z) - 4zu^(z) + 10^2(2) = 
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We need a solution of this equation which is bounded 
(at the points z = ±1). Such a solution is given by a 
polynomial; one can easily see that it must have the form 
a + (3z^. Inserting the previous ansatz in to the equation 
we get a system of three linear equations for a, (3 and 
Ai. These equations are parametrized by 77 and their 
solution reads 



and 
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Al = -T] 
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The "quantization rule" for k follows from Eq. ||HJl, 
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(6) 



(7) 



(8) 



It is also possible, within our perturbative approach, 
to answer the question how the action of our second 
order CdL instanton differs from that quantity of related 
Hawking - Moss instanton. In order to find this differ- 
ence one has to proceed to the third order calculations 
and obtain the function 113. However, we are not going 
to do this. Comparison of the two actions is going to 
appear in • 

We can conclude that, in addition to the parameter 
V^/H\j -t- 10, our results depend crucially on the value 
of the third derivative of the potential at ^m- More- 
over, we can see from Eq. ^ that these results do not 
hold in the case V^' = and they require, for a given 
^m/^m + ^ sufficiently large value of 77. To deter- 
mine approximative behaviour of the second order CdL 
instanton in the case when ?/ is close to zero one should 
perform extended analysis including the solution of the 
instanton's equations, at least, up to the third order in 
k (to determine A2). Instead of doing this, we are go- 
ing to investigate the properties of the second order CdL 
instanton numerically, and we understand previously pre- 
sented steps as a help in numerical calculations. Namely, 
they showed us that the third derivative of the effective 
potential in its local maximum can be regarded as an 
interesting quantity. 
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III. NUMERICAL STUDY OF THE SECOND 
ORDER CDL INSTANTON 

Let us consider, as an example, the theory with the 
potential 

1^($)= (^M5 + ^$')e-*/*«, (9) 

where Vq and $o are positive constants. The motivation 
for this potential can be found in 

[ni- The potential 
is also very convenient for the investigation of the 
CdL instanton of the second order because it allows us 
to preserve the barrier while V^" is running from negative 
to positive values; quartic potential has not this property. 
The barrier in the theory @ exists only if Vb < l/2<I>g, 
and the values of $ at which V has the local maximum 
and local minimum respectively are 

*m,A/ = $o{l T A), 

where we have introduced the parametrization of the po- 
tential by (<I>o, A) with 
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FIG. 1: Dependence of the second order CdL instantons in the 
theory Q on the parameter A. Description of the quantities 
introduced in this figure: $f is the initial and final value of $ 
for the instanton starting left from $ m , ^max is the maximal 
value of $ for this instanton; <I>f* is the initial and final value 
of $ for the instanton starting right from $a/ and is 
the minimal value of ^ for this instanton. We can see that 
the right-handed instanton gets shrank (in the $ direction) 
towards <1?m as A approaches 1 and the left-handed instanton 
is the narrowest as A approaches 0. The absolute value of 
the difference — <1?m faUs down as 1/Vm for A ^ 0'*' and 
analogically $1* — $m falls down for A — > 1~. This means 
that in the case Vm < {Vm > 0) the left (right)-handed 
instanton is the instanton that approaches the limit instanton 
as -V^i/Hli - 10 ^ 0. 

The quantities interesting for our goal are 



Hi 87r$2(i + A) 

and 



=^2-exp(-l-A). 

We have put in our numerical computations —V^'j/Hfj — 
10 = 0.1. We investigated parameters of the CdL instan- 
tons of the second order as functions of the parameter A 
in its range of definition. Remind that there are always 
two such instantons - see the introduction. The results 
are plotted on the fig. ^ 
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